I. INTRODUCTION

I
T IS well known that the celebrated KalmanYakubovich-Popov (KYP) lemma for one-dimensional (1-D) systems is one of the fundamental results of linear systems theory [16] , [24] , which builds a bridge between the frequency-domain method and the state space method. Together with the Lyapunov stability theory, the KYP lemma broadens the application of the state space method. In signal processing, the positive realness (passivity) is used for suppression of limit cycles of digital quantizers [23] , [28] and for finite error recovery of a decision feedback equalizer [17] . With the KYP lemma, useful computation tools, such as linear matrix inequality (LMI) techniques, can be accordingly applied in the analysis and synthesis of filtering and signal processing systems.
Recently, a generalized version of the KYP Lemma for 1-D systems was developed which establishes an equivalence between a frequency-domain inequality for a transfer function over a finite frequency range and an LMI associated with a state space realization of the transfer function [13] , [14] . Such a result generalizes the classical KYP Lemma from infinite frequency range to finite frequency range. The generalized KYP Lemma contains the positive real lemma and the bounded real lemma as special cases and, hence, is useful in a wide range of applications. For example, it can be used to directly design systems with different levels of the constraint over different ranges of frequency. Traditionally, such constraint is indirectly approximated by using a frequency weighting function.
On the other hand, the bounded realness of 2-D systems and the corresponding problem were approached in [8] , whereas the positive real control was studied in [30] and [31] . However, there has been no KYP Lemma for 2-D systems over the infinite frequency domain even though its 1-D result has been known for about four decades, not to mention a KYP Lemma over a finite frequency domain. Motivated by this fact, we aim at developing a generalized KYP Lemma for 2-D systems in discrete Roesser model [25] over a finite rectangular frequency domain which naturally contains the standard KYP Lemma over the infinite frequency domain as a special case. It is noted that some useful results on the conditions for the finite frequency bounded realness and positive realness of 2-D systems can be obtained immediately from such generalized 2-D KYP Lemma. Also note that the Roesser model has been widely used in the research on 2-D systems, including stability analysis [2] , [4] , [18] , control synthesis [8] , [10] , [19] , [26] , [29] , [31] , state estimation [8] , [32] , and deconvolution filtering [8] .
In order to show practical feasibility and significance of the proposed generalized 2-D KYP Lemma, as one of its numerous applications, this paper presents its application to the design of 2-D digital filters in Roesser form [25] . We note that there have been several approaches to the 2-D digital filter design. These include the 1-D filter transformation method [20] , [22] , approximation of the desired impulse response matrix by using window functions [27] , and methods based on singular value decomposition [6] , [7] and Schur decomposition [1] . Another approach is to approximate the desired frequency response by minimizing a sampled error function over the whole frequency domain under some norm measures [3] , [5] , [11] , [21] . Such an approach can be computationally demanding, and there is generally no guarantee on the errors at frequencies other than the sampled points.
In this paper, we show that the difficulties in the frequencydomain error minimization approach can be overcome by using the proposed 2-D KYP Lemma. A finite frequency response condition can be specified in terms of an LMI, based on the Roesser model realization, which is computationally simpler and explicit. As compared with the frequency weighting approach, the proposed approach is exact in imposing constraints on the magnitude response of the filter over various domains of frequency.
The paper is organized as follows. Section II is devoted to the development of the generalized KYP Lemma for 2-D systems and its immediate positive realness and bounded realness properties. In Section III, we give some examples of 2-D filter design to illustrate the application of the developed generalized KYP lemma. Some conclusions are drawn in Section IV.
Some notations used are in the following. The symbols , , ,
, and denote the complex number set, the real number set, the integer set, the nonnegative real number set, and the nonnegative integer set, respectively. Let be the set , , and denote, respectively, the set of complex and real column vectors of dimension , and denote, respectively, the set of complex and real matrices of dimension , , and and denote the set of Hermitian matrices, the set of unitary matrices, and the identity matrix of dimension , respectively. The transpose and complex conjugate transpose of a matrix are denoted by and , respectively, and means that is positive definite (positive semi-definite).
II. GENERALIZED 2-D KYP LEMMA
A. Characterization of Frequency-Domain Property
The generalized 2-D KYP Lemma will be developed for the following 2-D Roesser model [25] (2) the following matrix inequality is satisfied : (3) where (4) Proof: If 1) is satisfied, then it follows that Conversely, due to the fact that , 2) yields for all Hermitian block diagonal matrices and positive definite matrices . It follows that
According to Lemma 1, it can be verified that there exist two scalars such that , , and
This leads to and . Hence, the proof is completed.
B. Generalized KYP Lemma for Roesser Model
By applying Lemma 2, we can obtain the generalized 2-D KYP Lemma for the 2-D system in Roesser form (1), which is given in the following theorem. (2) such that (5) holds, where , then the following finite frequency condition:
is satisfied for all , ,
where .
Proof: It follows from Lemma 2 that for any the inequality (7) is satisfied for any Considering the Roesser model (1) (8) is satisfied for any . This is in contrast with the 1-D KYP lemma [13] , [14] which, based on the exact (nonconservative) generalized -procedure theory, provides a sufficient and necessary condition for the existence of the finite frequency property. The reason lies in that the set in terms of (7) is not necessarily a lossless set (see Lemma 4 , given in the Appendix), and therefore it cannot lead to an exact -procedure.
Note that , and are generally complex matrices; a criterion for the positive definiteness of a complex matrix is given below.
Lemma 3: Let with . Then, if and only if (10) Also, let with . Then, if and only if (11) Observe that both the matrices in (10) and (11) are symmetric because of the fact that is symmetric and , which is a property of Hermitian matrices.
Remark 2: By representing the complex matrices , , and as then (5) is a complex LMI and, once we represent and , in turn, as with and , then, according to Lemma 3, the complex LMI (5) is equivalent to the following real matrix inequality, which is more convenient for numerical computation: (12) where If the Roesser model (1) represents a real 2-D system whose matrices are real, then, following immediately from (12), a sufficient condition for (6) is that there exist symmetric matrices and such that (5) is satisfied.
Note that, for and , and are satisfied if and only if and . Theorem 1 thus gives a sufficient condition for the existence of a performance characterization specified over a rectangular low frequency domain. Following from the same technique, we provide the next corollary which gives a sufficient condition for a performance characterization specified over any given rectangular frequency domain.
Corollary 1: Suppose that the matrix of the Roesser model (1) satisfies for all . For the matrices and of the Roesser model (1), scalars with , and a Hermitian matrix with , if there exist Hermitian matrices and in the form of (2) such that (13) with Then, the following finite frequency condition: (14) holds for all satisfying and , where . it can be found that According to Theorem 1, (14) holds if there exist block diagonal matrices and in the form of (2) such that (15) is satisfied. Obviously, (15) is equivalent to Due to the fact that , this corollary follows. Remark 3: Differently from (5), which guarantees that the performance (6) is satisfied for both and , (13) can only guarantee the satisfaction of performance (14) for but not for . For , in order to satisfy (14) , the parameters in the LMI (13) should be replaced by and , respectively.
C. Positive Realness and Bounded Realness of 2-D Systems
Motivated by the important roles of the 1-D KYP Lemma in systems and filtering theory, corresponding applications of the 2-D generalized KYP Lemma can be found. Two immediate applications are the positive realness and bounded realness of 2-D systems as presented in the following.
The first application is to the finite frequency positive realness of 2-D systems. The second application is to the finite frequency bounded realness of 2-D systems.
Corollary 3: For given scalars and the 2-D system Roesser model (1) with satisfying that for all , if there exist Hermitian matrices and in the form of (2) such that (17) where , then the performance (18) for all and satisfying and is satisfied. Proof: This corollary follows from Theorem 1 and the fact that (17) can be rewritten as (6) with
III. EXAMPLES OF THE 2-D DIGITAL FILTER DESIGN
As stated earlier, the proposed 2-D KYP Lemma has numerous significant applications in the areas of control and signal processing. Here, an example will be provided, which is the application to the 2-D digital filter design. It is known that 2-D digital filters arise in a variety of applications, including digital image processing; sonar, radar and acoustic signal processing; and the filtering of spatially distributed processes [9] . We will first introduce some performance specifications for 2-D digital filters in the frequency domain. Without loss of generality, the frequency domain is considered. 
A. Performance Specification for the 2-D Filter Design
In many applications of 2-D signal processing, a linear phase frequency response is often desired. In this situation, the frequency response of the filter can be represented as where are two scalars and . Meanwhile, a frequency response with different magnitudes over different frequency domains is desired. For example, the frequency response of a low-pass filter is shown in Fig. 1 , where a transition band exists due to the fact that is a continuous function and cannot switch between zero and one at the points.
Accordingly, given four real scalars , , we partition the frequency domain into the following three subdomains:
For given and , suppose that is the transfer function of the digital filter with order to be designed. The proposed digital filter design problem can be formulated as the following optimization problem: (19) subject to (20) for , and (21) for , where are weighting factors specified according to the design requirement , for the design of low-pass filters and , for the design of high-pass filters.
B. 2-D FIR Filter Design
Here, we consider the problem of 2-D FIR filter design. Similarly to the state space realization of 1-D FIR filters, 2-D FIR filters in the polynomial form (22) can be realized in the canonical form of the Roesser model [15] . Given the order of a 2-D FIR filter, the structure of the system has been fixed and both the matrices and are in the canonical form. Hence, only matrices and are to be designed.
Denote the Roesser model realization of the filter to be de- Since both constraints (20) and (21) can be represented by matrix inequalities according to the finite frequency bounded real lemma presented in Corollary 3, the filter design problem described in the previous subsection can be solved via an LMI optimization.
Theorem 2: Given scalars with and and , then there exists a -th order 2-D FIR low-pass filter in the canonical form of Roesser model (1) [15] satisfying (20) and (21), if there exist , , and block diagonal matrices , and such that (23) and (24) For a given filter in the form of (22), , is satisfied, where denotes the magnitude response of . It follows that (24) with , 3, 4, 5, can also lead to (21) for , , and , respectively. Since all of these frequency domains form the high-frequency band , the proof is completed.
Remark 4: A high-pass filter can be easily designed following from Theorem 2 by replacing in (23) with and replacing in (24) with . For the reason described earlier, in order to obtain a 2-D FIR filter which is close to the ideal filter, the optimization (19) may be carried out. It can be easily found that, given two weights , the optimization problem is convex because both the objective function and the constraints are convex.
(23) (24)
Remark 5: Given scalars with and and , an optimal th-order 2-D FIR filter in the form of (1) with both and of the canonical form can be solved from (25) subject to (23) and (24).
C. Examples
To illustrate the proposed filter design algorithm, a 4 4-th order high-pass FIR filter is first designed. Let , , , , , . Then the design problem is (26) subject to (27) for and (28) for According to Remark 4, the above optimization problem can be solved by using MATLAB LMI toolbox. The solution is , , and
To verify the performance of the designed filter , the frequency-domain magnitude and phase responses of are shown in Figs. 2 and 3 , respectively, where and are normalized in the frequency range to 1.0, with 1.0 corresponding to rad. Fig. 2 shows that the maximum magnitude of frequency response over low-frequency domain is 0.1930, which is lower than the bound 0.1936. The linear phase property over high-frequency domain is clearly shown in Fig. 3 , which coincides with the performance specifications (27) and (28). Moreover, the high-frequency performance (28) can be verified further from Fig. 4 , where the magnitude frequency response of over is shown, and the part over other frequency bands is neglected. We observe that the maximum magnitude response of in the high-frequency band is 0.0936, which satisfies (28) with respect to the obtained . This design result also demonstrates that the finite frequency bounded real lemma of 2-D systems developed in this paper is feasible for estimating the finite frequency norm with very little conservatism. Next, Theorem 2 is applied again to the design of an (11 11)th-order low-pass FIR filter with its transfer function denoted by . Choosing , , , , , , the design problem can be described as bound 0.0595, and the linear phase property is well reflected in Fig. 6 over the low-frequency band .
Similar to the verification of the high-pass filter design, the error magnitude between the frequency responses of and over is shown in Fig. 7 . It is shown that the maximum magnitude of over is 0.0163, which is less than the computed upper bound 0.0168.
D. Discussion
Based on the 2-D KYP Lemma developed in the last section, we have presented an efficient method for the analysis and synthesis of 2-D digital filters. For a given 2-D FIR or IIR filter, (23) and (24) can be applied to directly evaluate the norms of the error system as given on the left-hand sides of (20) and (21), respectively, i.e., the maximum ripple magnitudes of the given filter over the passband and stopband, by using the LMI technique. Compared with many of the existing filter design methods, although the proposed method described by Theorem 2 can only design 2-D digital filters with rectangular frequency support, it possesses the following advantages.
1) The proposed method provides the guaranteed performances in (20) and (21) for the designed filter over the complete frequency domain. This is in contrast with the design methods in [1] , [3] , and [21] , where performance is only guaranteed at the sampled frequency points, and the design methods in [12] and [22] , where performance is not optimal in approximating ideal filters in the minimax sense. 2) Our proposed method introduces different weights to the passband ripple and stopband ripple and , respectively, and does not impose a quadrantally symmetric constraint or separate structure on the designed filter. Thus, it can provide more design freedom and flexibility in meeting practical requirements and performance specifications. 3) Our method converts the 2-D filter design problem to a convex optimization problem, which can be readily solved by the LMI technique. Overall, as a successful application of the 2-D KYP Lemma, the proposed 2-D digital filter design method demonstrates the feasibility and advantages of the proposed 2-D KYP Lemma.
IV. CONCLUSION
A generalized KYP Lemma for 2-D Roesser model over a finite frequency domain has been developed in this paper. The result is characterized in terms of an LMI, which can be easily solved via convex optimization. Following from this lemma, some practically useful results, such as the finite frequency positive realness and finite frequency bounded realness of 2-D systems, have been obtained. As an application, the latter has been applied to the design of 2-D digital filters, and its feasibility and advantages are shown by examples. Other potential applications of the 2-D finite frequency KYP Lemma in filtering and signal processing, such as suppression of limits cycles in digital quantizers, will be investigated in the future.
APPENDIX
Lemma 4:
The set in the form of (9) is not necessarily a lossless set.
Proof: By the definition given in [14] , as a subset of Hermitian matrices, is said to be lossless if it has three properties: 1) is convex; 2) implies , ; 3) for each nonzero positive-semidefinite matrix satisfying (29) there exist vectors , ( ) such that (30) where is the rank of .
Obviously, the set given in (9) is a convex cone, i.e., the first two properties for being lossless are satisfied. Next, we will check whether the third condition exists. 
